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Abstract— In this paper a decentralized controller-observer
scheme for centroid tracking with a multi-robot system is
presented. The key idea is to develop, for each robot, an
observer of the collective system’s state; each local observer
is updated by only using information of the state of the
robot and of its neighbors. The local observers’ estimations
are then used by the individual robots to cooperatively track
an assigned time-varying reference for the weighted centroid.
Convergence of the scheme is proven for both fixed and
switching communication topologies, as well as for directed
and undirected communication graphs. Numerical simulations

relative to different case studies are illustrated to validate the
approach.

I. INTRODUCTION AND LITERATURE REVIEW

Multi-robot systems have been deeply investigated in the last

decades, due to their advantages with respect to single robots

in terms of, e.g., flexibility, redundancy and fault tolerance.

Furthermore, multi-robot systems can take the advantages

of distributed systems, i.e., instead of using a single and

powerful robot, a team of robots with lower performance can

be used to achieve the assigned mission. Autonomous robots

can be spread into the environment to increase the coverage

range of sensors, actuators and communication devices, such

that the overall team can better accomplish the assigned

mission in terms of time and efficiency.

However, in the presence of limited communication/sensing

capabilities, the common goal has to be achieved in a cooper-

ative way by using only local information. In fact, each robot

can only rely on local information, coming from its on-board

sensors or received from its direct neighbors, while the goal

of the overall team usually depends on the global state of the

system. Several recent studies dealt with the development

of distributed control approaches for multi-robot systems

with the aim of achieving a global task (e.g., controlling

the swarm centroid) by using distributed controllers. In such

cases, the possibility for the robots to explicitly exchange

information with their neighbors strongly influences the

control strategy. Research on these aspects posed the chal-

lenging problem of consensus for multi-agent systems, i.e.,

reaching an agreement regarding a certain variable depending

on the state of all the agents. A wide overview on such

problems can be found in recent books [13], [9], while
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in reference papers [14] and [10] the consensus algorithms

are investigated with emphasis on robustness, time-delays

and performance guarantee. The work in [8] shows how

the consensus can be used to achieve specific behaviors,

e.g., formation keeping and rendez-vous, of the multi-agent

system. The results in [7] are related to the stability analysis

of several decentralized strategies that achieve an emergent

behavior. In [1] non-linear protocols are proposed to solve

non-linear stationary consensus problem for networks of

dynamic agents with fixed topologies. The results in [1] have

been further extended in [3] for a more general class of

consensus functions.

The above cited papers mainly focus on stationary consensus

problems, where the consensus must be reached on a quantity

function of the initial states of the agents. On the other

hand, in distributed robotics, the mission of a multi-robot

system is usually expressed as a time-varying goal (or

target) function, e.g., describing the location and shape of

a robotic team (formation statistics). The first convincing

attempt to design local control laws aimed at achieving a

target collective behavior of a multi-robot team, expressed in

terms of formation statistics, can be found in [6] and [18];

noticeably, the approach uses a distributed estimator of the

actual collective behavior, which is based on the dynamic

average consensus protocol proposed in [17]. However, for

these approaches, asymptotic tracking is not guaranteed,

unless the goal is constant or has poles in left half plane [17].

Decentralized estimation and control are also investigated

in [16] in the framework of linear state feedback control.

Moreover, it is worth remarking the work on spatially dis-

tributed gradients of collective objective functions [2], [4].

The problem tracking a time-varying reference state for each

agent has been investigated in [12], [14].

In this paper, the problem of tracking a certain class of

global functions (i.e., the weighted centroid) expressing a

time-varying common goal to be achieved cooperatively by

a team of mobile robots is addressed. Namely, each robot

estimates the global state of the system via a properly

designed observer. Then, the estimated state is used by a

local controller in charge of achieving asymptotic tracking

of a given time-varying reference for the weighted centroid

of the team. Convergence of both estimation and tracking

errors is proven. It is worth remarking that, as in [18],

tracking is achieved by using distributed estimation and

control, although here, instead of the common goal function,

the whole collective state is estimated by each robot in the

team. Although the class of goal functions considered here

is limited to the generalized (weighted) centroid, tracking



of time-varying reference goals is guaranteed. Moreover,

the estimation of the whole system’s state provided by the

distributed observer might be used to achieve, e.g., more

complex missions or fault diagnosis.

The rest of the paper is organized as follows: Section II

presents the system modeling and recalls some basic con-

cepts related to graph theory; Sections III and IV respectively

present the problem statement and the proposed solution,

while in Section V a stability proof of the controller-observer

scheme is presented in the case of undirected graphs with

fixed topology; in Section VI, the extension to directed

and switching topologies is presented; finally, numerical

simulations and some concluding remarks are provided in

Sections VII and VIII.

II. MODELING

Consider a system composed by N mobile robots, where the

ith agent’s state is denoted by xi ∈ IRn. It is assumed that

each robot is characterized by a single-integrator dynamics

ẋi = ui ,

where ui ∈ IRn is the input vector. The collective state is

given by x =
[
xT
1 . . . xT

N

]T ∈ IRNn and the collective

dynamics is then expressed as

ẋ = u , (1)

where u =
[
uT
1 . . . uT

N

]T ∈ IRNn is the collective input

vector.

Information exchange between the robots can be modeled

as a network of agents described by a graph G(E ,V ,A)
characterized by its topology [5], [11], [15], i.e., the set

V of the indexes labeling the N vertices (nodes), a set of

edges (arcs) E = V × V , and the (N ×N ) adjacency matrix

A = {aij}, defined as the matrix having aii = 0, aij = 1 if

(j, i) ∈ E , and aij = 0 otherwise. If all the communication

links between the robots are bi-directional, the graph is called

undirected (i.e., (i, j) ∈ E ⇒ (j, i) ∈ E), otherwise, the

graph is called directed. The latter case is considered when,

for example, an agent measures the state of other agents

(its neighbors) but not all its neighbors can measure its

state. Moreover, the graph topology can be assumed either

fixed or switching (e.g., communication links may appear or

disappear). A directed graph is called strongly connected if

any two distinct nodes of the graph can be connected via

a directed path, i.e., a path that follows the direction of the

edges of the graph. An undirected graph is called connected

if there is an undirected path between every pair of distinct

nodes. A node of a directed graph is balanced if its in-degree

(i.e., the number of incoming edges) and its out-degree (i.e.,

the number of outgoing edges) are equal; a directed graph is

called balanced if each node of the graph is balanced. Any

undirected graph is balanced.

It is assumed that the ith agent communicates only with

the set of its neighbors Ni = {j ∈ V : (j, i) ∈ E}, and it

does not know the topology of the overall communication

graph. The (N × N ) Laplacian matrix, L = {lij}, is the

matrix defined as lii =
∑N

j=1,j 6=i aij , lij = −aij . The

Laplacian always has a zero eigenvalue with corresponding

right eigenvector the N × 1 vector of all ones, 1N . Hence,

rank(L) ≤ N − 1 and L1N = 0N , where 0N is the

(N × 1) null vector. For a balanced directed graph (and

thus, for an undirected graph), 1N is a left eigenvector of

L, i.e. 1
T
NL = 0

T
N . If the graph is strongly connected

rank(L) = N−1. If the graph is undirected, the Laplacian is

symmetric and positive semidefinite; moreover, if the graph

is connected, 0 is a simple eigenvalue of L.

Let ix̂ ∈ IRNn denote the estimate of the collective system’s

state computed by agent i. All the state estimates can be

stacked into the collective estimate vector, x̂ ∈ IRN2n, for

which a corresponding error can be defined as

x̃ =








1x̃
2x̃
...

N x̃







=








x− 1x̂

x− 2x̂
...

x− N x̂







. (2)

Notice that the collective estimation error can be rewritten

as

x̃ = (1N ⊗ INn)x− x̂ , (3)

where ⊗ denotes the Kronecker product, and INn is the

(Nn×Nn) identity matrix.

The (Nn×Nn) selection matrix, Πi, is defined as follow

Πi = diag
{
On · · · In · · · On

}

︸︷︷︸

i node

where On denotes the n×n null matrix. Matrix Π i satisfies
∑N

i=1 Π i = INn. Finally, the (N2n × N2n) matrix Π is

defined as

Π = diag
{
Π1 . . . ΠN

}
. (4)

III. PROBLEM STATEMENT

It is assumed that the task for the system of agents is encoded

by the smooth function σ ∈ IRn (weighted centroid)

σ(x) =

N∑

i=1

αixi =
(
αT ⊗ In

)
x , (5)

where αT =
[
α1 . . . αN

]
∈ IRN . The above task

function reduces to the centroid of the swarm when

α1 = . . . = αN = 1/N .

The main design goals are:

• to design, for each agent, a state observer providing an

estimate, ix̂ ∈ IRNn, asymptotically convergent to the

collective state, x, as t → ∞;

• to design, for each agent, a feedback control law,

ui = ui(xi,
ix̂,Ni) ,

such that σ(x) asymptotically converges to a given (in

general time-varying) reference, σd(t), as t → ∞.

Both the observer and the controller for each robot can only

use local information, i.e., its state and input, and the states

of the robots belonging to its set of neighbors, Ni.



It is assumed that each agent knows in advance the goal,

encoded by the function σd(t), and its first derivative.

IV. PROPOSED APPROACH

The following control law is considered for the ith agent

ui = ui(
ix̂) =

αi

‖α‖2
(
σ̇d + kc

(
σd − σ(ix̂)

))
, (6)

where kc > 0 is a gain to be properly selected.

The observer takes the form (i = 1, . . . , N )

i ˙̂x = ko




∑

j∈Ni

(
jx̂− ix̂

)
+Π i

(
x− ix̂

)



+ iû , (7)

where ko > 0 is a gain to be properly selected and

iû =








u1(
ix̂)

u2(
ix̂)
...

uN (ix̂)







, (8)

with

uj(
ix̂) =

αj

‖α‖2
(
σ̇d + kc

(
σd − σ(ix̂)

))
, (9)

and it represents an estimate, computed by the ith agent,

of the collective input. Notice that the observer (7) can

be implemented by using only local information, since Πi

selects only the ith component of the estimation error ix̃.

The collective estimation dynamics is given by

˙̂x = −ko (L⊗ INn) x̂+ koΠx̃+ û, (10)

where û =
[
1û

T 2û
T · · · N û

T
]T ∈ IRN2n. By taking

into account eq. (3), the equality (L⊗ INn) (1N ⊗ INn) =
L1N ⊗ INn and the property of the Laplacian L1N = 0N ,

the estimation error dynamics can be derived

˙̃x = −ko (L⊗ INn +Π) x̃+ (1N ⊗ INn)u− û. (11)

The task tracking error is represented by the n-dimensional

vector σ̃ = σd − σ ∈ IRn, whose dynamics is given by

˙̃σ = σ̇d − σ̇ = σ̇d −
N∑

i=1

αiẋi

= σ̇d −
N∑

i=1

α2
i

‖α‖2
(
σ̇d + kc

(
σd − σ(ix̂)

))

= −
N∑

i=1

α2
i

‖α‖2
(
kc
(
σd − σ(ix̂)± σ(x)

))

= −kcσ̃ − kc
‖α‖2

N∑

i=1

α2
i

(
σ(x)− σ(ix̂)

)

= −kcσ̃ − kc
‖α‖2

N∑

i=1

α2
i

(
αT ⊗ In

) (
x− ix̂

)

= −kcσ̃ − kc
‖α‖2

N∑

i=1

α2
i

(
αT ⊗ In

)
ix̃ . (12)

V. STABILITY PROOF

Convergence of the overall controller-observer scheme is car-

ried out in the case of a undirected graph with connected and

fixed topology. The extension to directed and/or switching

topologies will be provided in the next Section.

The overall closed-loop system can be analyzed by resorting

to the positive definite and radially unbounded candidate

Lyapunov function

V (x̃, σ̃) = Vo + Vc =
1

2
x̃Tx̃+

1

2
σ̃Tσ̃, (13)

where Vo and Vc are the first and second term of the right

hand side, respectively.

The time derivative of Vo along the system’s trajectories is

given by

V̇o = −kox̃
T (L⊗ INn +Π) x̃+

x̃T((1N ⊗ INn)u− û) .
(14)

The matrix L⊗INn is symmetric and positive semidefinite,

since the communication graph is undirected and connected.

In fact, in such a case, L admits n − 1 positive eigen-

values and one simple zero eigenvalue; thus, L ⊗ INn

has Nn(N − 1) positive eigenvalues and Nn zero regular

eigenvalues. Moreover, Π is a diagonal matrix with Nn non-

null (unitary) elements along the main diagonal; thus, it is

symmetric and positive semidefinite as well, since it admits

Nn eigenvalues equal to 1 and N2n−Nn zero eigenvalues.

Hence, the sum of the two matrices is positive semidefinite

as well. Indeed, the sum L⊗ INn +Π is positive definite,

since the intersection of their null spaces is given by the null

vector (see Appendix A). Hence, V̇o can be upper bounded

as follows

V̇o ≤ −λo ‖x̃‖2 +
N∑

i=1

ix̃T(u− iû) , (15)

where λo = koλm and λm is the smallest eigenvalue of

(L⊗ INn +Π). It is worth noticing that λo is function of

the Laplacian (i.e., depends on the network topology) and

of the gain ko; thus, for a given network topology, it can

be arbitrarily tuned by choosing ko. In view of (6) and (8),

inequality (15) yields

V̇o≤−λo ‖x̃‖2 +
N∑

i=1

N∑

j=1

ix̃T
j

(
uj(

jx̂)− uj(
ix̂)
)

=−λo ‖x̃‖2 +
N∑

i=1

N∑

j=1

ix̃T
j

kcαj

‖α‖2
(
αT ⊗ In

) (
ix̂−j x̂

)

≤−λo ‖x̃‖2+
kc
∥
∥αT ⊗ In

∥
∥

‖α‖2
N∑

i=1

∥
∥ix̃
∥
∥

N∑

j=1

|αj |
∥
∥ix̃− jx̃

∥
∥

≤−λo ‖x̃‖2 +
kc
√
n

‖α‖
N∑

i=1

∥
∥ix̃
∥
∥

N∑

j=1

|αj |
(∥
∥ix̃
∥
∥+

∥
∥jx̃

∥
∥
)

≤−λo ‖x̃‖2 + kc
√
n

N∑

i=1

∥
∥ix̃
∥
∥

N∑

j=1

∥
∥ix̃
∥
∥+

∥
∥jx̃

∥
∥



≤−λo ‖x̃‖2+Nkc
√
n ‖x̃‖2+ kc

√
n

2

N∑

i=1

N∑

j=1

(∥
∥ix̃
∥
∥
2
+
∥
∥jx̃

∥
∥
2
)

=− (λo − 2ρo) ‖x̃‖2 , (16)

where ρo = Nkc
√
n and the usual Euclidean norm has been

used for vectors, while the Frobenius norm has been used

for matrices.

The time derivative of Vc along the system’s trajectories is

given by

V̇c = σ̃T ˙̃σ

= σ̃T

(

−kcσ̃ − kc
‖α‖2

N∑

i=1

α2
i

(
αT ⊗ In

)
ix̃

)

≤ −kc ‖σ̃‖2 +
kc
√
n

‖α‖ ‖σ̃‖
N∑

i=1

α2
i

∥
∥ix̃
∥
∥

≤ −kc ‖σ̃‖2 + 2ρc ‖σ̃‖ ‖x̃‖ , (17)

where ρc = Nkc
√
n ‖α‖ /2.

Hence, the overall time derivative of the candidate Lyapunov

function (13) can be upper bounded as follows

V̇ ≤ −
[
‖x̃‖
‖σ̃‖

]T [
λo − ρo −ρc
−ρc kc

] [
‖x̃‖
‖σ̃‖

]

(18)

that is negative definite with a proper choice of the design

gains ko and kc; in detail, by taking into account that λo =
koλm, negative definiteness is guaranteed by

ko > N
kc
λm

(

√
n+

Nn ‖α‖2
4

)

. (19)

Remark 5.1: Since λo can be arbitrarily set via ko, the above

inequality can be always satisfied by suitably choosing ko
and kc. However, it must be noticed that tuning of the

observer and controller gains cannot be performed indepen-

dently, i.e., a separation property does not hold. Arguably,

this is due to the fact that the observer does not know the

whole collective input, and thus convergence of the state

estimates cannot be achieved independently from the control

input structure.

Remark 5.2: Consider the following, slightly more general,

class of task functions

σ(x) =

N∑

i=1

αiφ(xi) , (20)

where φ ∈ IRn is a smooth vector field, and assume that the

same control law (6) is adopted, i.e.,

ui =
αi

‖α‖2

(

σ̇d + kc

(

σd −
N∑

i=1

αiφ(
ix̂i)

))

. (21)

It can be easily verified that the above stability proof can be

readily extended to this case, provided that the function φ(·)
is globally Lipschitz, i.e.,

‖φ(xa)− φ(xb)‖ ≤ ρx ‖xa − xb‖ , (22)

for some positive constant ρx and for all xa ,xb.

VI. DIRECTED AND SWITCHING TOPOLOGIES

A. Directed Topologies

In the following, it will be shown that stability of the overall

closed-loop system is preserved also in the case of directed

topologies, provided that the graph is balanced and strongly

connected.

In the stability proof reported in Section V, it is required that

the matrix L ⊗ INn +Π is positive definite. As shown in

Appendix A, this property holds for undirected connected

graphs, for which the above matrix is symmetric. In the

case of directed graphs, the Laplacian L is not symmetric.

However, in such a case a mirror graph, GS , associated to G
can be defined as the undirected graph having the same set

of nodes and same set of edges, but considered undirected,

as G [11]. It can be shown that the symmetric part of the

Laplacian, LS =
L+LT

2
, is a valid Laplacian for GS , if

and only if G is balanced [11]. In addition, if G is strongly

connected, then GS is connected.

Since
1

2

(

(L⊗ INn) + (L⊗ INn)
T
)

+Π = LS ⊗ INn +

Π , equation (14) can be rewritten as

V̇o = −kox̃
T (LS ⊗ INn +Π) x̃+

x̃T((1N ⊗ INn)u− û) .
(23)

Moreover, being GS connected, the same arguments in

Appendix A can be used to prove positive definiteness of

LS⊗INn+Π. Thus, the same arguments used in Section V

lead to prove asymptotic stability.

B. Switching Topologies

It is reasonable to consider a time-varying network topology,

e.g., due to the failure of active communication links or to

the activation/deactivation of links due to the dynamic dis-

placement of the nodes. In such cases, the network topology

can be described via a finite collection of K graphs of order

N , Γ = {G1, . . . ,GK}, each characterized by its adjacency

matrix Ak, k ∈ I = {1, . . . ,K}.

Hence, the adjacency matrix can be modeled as a function

of time, i.e, A = As(t), where s(·) : t ∈ IR → I is

a switching signal. In other words, As(t) is a piecewise

continuous function that associates at each time instant one of

the finite possible network configurations. In the same way,

let be Ls(t) the Laplacian matrix corresponding to As(t) that

is, obviously, a piecewise continuous function too.

The Lyapunov function in (13) is a Common Lyapunov

Function (CLF) for the overall closed-loop system for any

switching signal s(t), provided that each graph in Γ is

balanced and strongly connected (in the case of directed

topology) or simply connected (in the case of undirected

topology) and (19) holds for any t. To this aim, tuning of

ko and kc could be performed according to the worst case

scenario, i.e., by considering the minimum value of λm over

the finite set of network topologies.



VII. NUMERICAL SIMULATIONS

In the following, two simulation case studies have been

considered. In the first case, the multi-robot system is charac-

terized by an undirected fixed topology, while in the second

case a directed switching topology is considered. In both

the cases, the vehicles start at a random configuration. The

task function is defined as in (5) with αi = 1/N, i =
1, 2 · · · N ; the desired trajectory σd(t) is given by a cubic

spline function interpolating a given set of via points.

A. First case study: fixed topology

As first case study, a fixed undirected topology with 4 vehi-

cles (N = 4) moving in a plane (n = 2) has been considered.

The topology is shown in Figure 1. The parameters ko and

Fig. 1. First case study. Undirected topology.

kc in (21) and (7) have been set, respectively, to 5 and 3.

In Figure 2, the vehicles’ paths, and the desired and actual

task functions are shown. In Figure 3, the time histories of
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Fig. 2. First case study. Task and vehicles’ paths. The crosses represent
the vehicles’ starting positions, the rounds the ending positions and the
diamonds some intermediate configurations.

the average estimation error norm (top) and of the task error

norm (bottom) are reported.

B. Second case study: directed switching topology

As second case study, a switching directed topology with

8 vehicles (N = 8) moving in the 3D-space (n = 3) has

been considered. The network topology switches between the

three configurations shown in Figure 4. The parameters ko
and kc in (21) and (7), have been set to 8 and 3, respectively.

In Figure 5, the vehicles’ path, the desired and actual task

functions are shown. In Figure 6, the time histories of the

average estimation error norm (top) and of the task error

norm (bottom) are reported.
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Fig. 4. Second case study. Directed switching topology.
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VIII. CONCLUSIONS

In this paper, a decentralized controller-observer approach

for a multi-robot system has been developed. Each robot

estimates the collective state of the system by using only

local information. The estimated state is then used by the

individual robots to cooperatively track a global assigned

time-varying task function. The approach is, then, extended

to the case of strongly connected and balanced directed

graphs, as well as to switching topologies. Future works

will be focused on extending the class of achievable task

functions to a wider domain, on how to make the proposed

approach robust to dynamic lost or addition of robots to the

team, and on how to improve the scalability of the approach

reducing the overall information exchange.
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APPENDIX

A. Analysis of the matrix ko (L⊗ INn +Π)

The proof in this section applies to undirected connected

graph but, as seen in Section VI-A, can easily be extended

to the case of directed balanced weakly connected graph.

As stated in Section V, the matrix L ⊗ INn and Π are

positive semi-definite matrices in the case of undirected

graph. Then, their sum is a positive semi-definite matrix, and

is also positive-definite if and only if their kernel subspaces

are disjoint, i.e.:

ker (L⊗ INn)
⋂

ker (Π) = {0N2n} . (24)

Given the Laplacian properties recalled in Section II, it can

be easily recognized that, for connected graphs,

rank (L⊗ INn) = rank (L) rank (INn) = Nn(N − 1) ,

and dim (ker (L⊗ INn)) = Nn. The null space of L⊗INn

can be parameterized as follows

ker (L⊗INn) = span (1N ⊗ INn) . (25)

Thus, a vector belonging to (L⊗ INn) has the form

v=
[
νT. . .νT

]T∈ IRN2n, ∀ν∈ IRNn. (26)

Moreover, being Π a diagonal matrix with Nn non-null

(unitary) elements along the main diagonal, rank (Π) = Nn
and dim (ker (Π)) = Nn(N − 1). The null space of Π can

be expressed as

ker (Π) = span (IN2n −Π) , (27)

where (IN2n −Π) is a diagonal matrix with Nn(N − 1)
non null elements on the main diagonal.

Thus, a vector belonging to ker (Π) has the form

v =
[
vT
1 . . . vT

N

]T ∈ IRN2n,

vi =
[
vT
i,1 . . .v

T
i,N

]T ∈ IRNn : ∀vi,j ∈ IRn,vi,i = 0n. (28)

Comparing eqs (26)–(28) it is possible to observe that a

non-null vector in ker (L⊗ In) cannot belong to ker (Π)
and viceversa. This implies that (24) holds and that

(L⊗ INn +Π) is positive definite. It is worth noticing that

in the case of non-connected graphs

rank (L⊗ In) ≤ N2n− 2Nn

and then

rank (L⊗ In +Π) ≤ rank (L⊗ In) + rank (Π)
≤ N2n−Nn,

where the inequality holds strictly when more then one

disconnected component arises in the graph.
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