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VariabileVariabile casualecasuale
•• XX èè unauna variabilevariabile casualecasuale ((v.cv.c.).)

–– In In statisticastatistica i termini "aleatorio", "casuale", "stocastico" sono i termini "aleatorio", "casuale", "stocastico" sono 
aggettivi che si associano agli eventi ottenuti come risultati daggettivi che si associano agli eventi ottenuti come risultati di i 
una provauna prova

–– Una Una variabile casualevariabile casuale (o (o variabile aleatoriavariabile aleatoria o o variabile variabile 
stocasticastocastica) può essere pensata come il risultato numerico di un ) può essere pensata come il risultato numerico di un 
esperimento quando questo non esperimento quando questo non èè prevedibile con certezza prevedibile con certezza 
(ossia (ossia èè non non deterministicodeterministico))

•• Ad esempio, il risultato del lancio di un dado a sei facce Ad esempio, il risultato del lancio di un dado a sei facce èè una variabile una variabile 
casuale con possibili valori gli interi da 1 a 6casuale con possibili valori gli interi da 1 a 6

–– Variabile casuale a (6) valori discretiVariabile casuale a (6) valori discreti

•• La temperatura ambientale misurata ogni 22 gennaio alle 12:00 a La temperatura ambientale misurata ogni 22 gennaio alle 12:00 a 
Cassino Cassino èè una una v.c.v.c. di media 12,31di media 12,31°°

–– Variabile casuale continuaVariabile casuale continua
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DistribuzioneDistribuzione didi probabilitprobabilitàà
•• Ad una variabile casuale X si associa la legge di Ad una variabile casuale X si associa la legge di 

probabilitprobabilitàà, che associa ad ogni sottoinsieme , che associa ad ogni sottoinsieme 
dell'insieme dei possibili valori di X la probabilitdell'insieme dei possibili valori di X la probabilitàà PP che che 
la la v.c.v.c. X assuma valore in esso. X assuma valore in esso. 

•• XX èè unauna variabilevariabile casualecasuale ((v.cv.c.) continua.) continua
–– Il Il dominiodominio didi X X puòpuò essereessere limitatolimitato o o illimitatoillimitato
–– PoichPoichèè X X èè continua,continua, PP((XX = = xx)=0)=0
–– Serve Serve unauna Probability density functionProbability density function (PDF)(PDF)

12,3112,31

T (T (CC°°))

12,43212,432
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DistribuzioniDistribuzioni continuecontinue

••XX èè unauna variabilevariabile casualecasuale ((v.cv.c.) continua.) continua
–– Probability density functionProbability density function (PDF)(PDF)

••ÈÈ unauna function function ff((xx)) con 3 con 3 proprietproprietàà::
1.1. ff((xx) ) ≥≥ 0 for all real values 0 for all real values xx

–– La densitLa densitàà di probabilitdi probabilitàà ovviamente ovviamente èè positivapositiva

2.2.For any fixed For any fixed aa and and bb with with aa ≤≤ bb, the probability , the probability 
that that XX will fall between will fall between aa and and bb is the area under is the area under 
ff((xx) between ) between aa and and bb
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ProprietProprietàà 2:2:
Shaded Area is the Probability That X is Between a and bShaded Area is the Probability That X is Between a and b

x0 ba

Continuous DistributionsContinuous Distributions
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DistribuzioniDistribuzioni continuecontinue
••XX èè unauna variabilevariabile casualecasuale ((v.cv.c.) continua.) continua

–– Probability density functionProbability density function (PDF)(PDF)
••ÈÈ unauna function function ff((xx)) con 3 con 3 proprietproprietàà::

1.1. ff((xx) ) ≥≥ 0 for all real values 0 for all real values xx
–– La densitLa densitàà di probabilitdi probabilitàà ovviamente ovviamente èè positivapositiva

2.2.For any fixed For any fixed aa and and bb with with aa ≤≤ bb, the probability , the probability 
that that XX will fall between will fall between aa and and bb is the area under is the area under 
ff((xx) between ) between aa and and bb::

3.3.The total area under The total area under f(xf(x) is 1:) is 1:
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ProprietProprietàà 3:3:
tuttatutta ll’’areaarea sottesasottesa rappresentarappresenta tuttatutta la la probabilitprobabilitàà e e quindiquindi
èè ugualeuguale al 100%, al 100%, ciocioèè 11

x
0

+∞

Continuous DistributionsContinuous Distributions

-∞
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Continuous DistributionsContinuous Distributions (cont(cont’’d.)d.)

•• Cumulative distribution functionCumulative distribution function (CDF) (CDF) -- probability that probability that 
the the v.cv.c. will be . will be ≤≤ a fixed value a fixed value xx::

•• Properties of continuous CDFsProperties of continuous CDFs

–– 0 0 ≤≤ FF((xx) ) ≤≤ 1 for all 1 for all xx
–– As As xx →→ ––∞∞, , FF((xx) ) →→ 00
–– As As xx →→ ++∞∞, , FF((xx) ) →→ 11
–– FF((xx) is nondecreasing in ) is nondecreasing in xx
–– FF((xx) is a continuous function with slope equal to the PDF:) is a continuous function with slope equal to the PDF:

ff((xx) = ) = FF''((xx))

0 x

F(x)F(x)
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Continuous DistributionsContinuous Distributions (cont(cont’’d.)d.)

•• Cumulative distribution functionCumulative distribution function (CDF) (CDF) -- probability that probability that 
the the v.cv.c. will be . will be ≤≤ a fixed value a fixed value xx::

0 b

F(b)F(b)

a

F(a)F(a)

= F(b)= F(b)--F(a)F(a)
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Expected Values, Variances, and Standard Expected Values, Variances, and Standard 
DeviationsDeviations

•• Valor Valor attesoatteso or mean of X isor mean of X is

–– Media Media pesatapesata, , tramitetramite ilil peso peso f(xf(x), ), delladella variabilevariabile casualecasuale

•• Variance of X isVariance of X is

–– Media Media pesatapesata, , tramitetramite f(xf(x), ), delladella distanzadistanza al al quadratoquadrato delladella
variabilevariabile casualecasuale dalladalla suasua mediamedia

xµ0.0

0.1

0.2

0.3

0.4
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Expected Values, Variances, and Standard Expected Values, Variances, and Standard 
DeviationsDeviations

•• Valor Valor attesoatteso or mean of X isor mean of X is
•• Variance of X isVariance of X is

•• Standard deviation of X isStandard deviation of X is

xµ0.0

0.1

0.2

0.3

0.4

 
2

1
)(

22 2/)(

2

σµ

πσ
−−= xexf

Distribuzione normaleDistribuzione normale

),(~ 2σµNX
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Effects of Effects of µµ on the Probability Density Function on the Probability Density Function 
of a Normal Random Variableof a Normal Random Variable

x

0.0

0.1

0.2

0.3

0.4

1.5 2.5 3.5 4.5 5.5 6.5 7.5 8.5

Expected Values, Variances, and Standard Expected Values, Variances, and Standard 
DeviationsDeviations

),5(~ 2σNX ),6(~ 2σNX
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Effects of Effects of σσ22 on the Probability Density Function on the Probability Density Function 
of a Normal Random Variableof a Normal Random Variable

x

0.0

0.1

0.2

0.3

0.4

1.5 2.5 3.5 4.5 5.5 6.5 7.5 8.5

Expected Values, Variances, and Standard Expected Values, Variances, and Standard 
DeviationsDeviations

)0625.0,(~ µNX

)1,(~ µNX
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The Standard Normal DistributionThe Standard Normal Distribution

Let Let ZZ be a normal random variable with mean be a normal random variable with mean 00 and and 
variance variance 11; that is; that is

We say that We say that ZZ follows the standard normal distribution.  follows the standard normal distribution.  
Denote the cumulative distribution function as Denote the cumulative distribution function as F(z),F(z), and and aa

and and bb as two numbers with as two numbers with a < ba < b , then, then

)1,0(~ NZ

)()()( aFbFbZaP −=<<

Expected Values, Variances, and Standard Expected Values, Variances, and Standard 
DeviationsDeviations
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the random variable Z = (X the random variable Z = (X -- µµ)/)/σσ has a has a 
standard normal distribution:  standard normal distribution:  Z ~ N(0, 1)Z ~ N(0, 1)

The Standard Normal DistributionThe Standard Normal Distribution

Expected Values, Variances, and Standard Expected Values, Variances, and Standard 
DeviationsDeviations

),(~ 2σµNX

sese
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Sampling (Sampling (campionamentocampionamento))
•• Il campionamento sta alla base della Il campionamento sta alla base della inferenzainferenza

statistica, la quale si divide in due grandi capitoli: statistica, la quale si divide in due grandi capitoli: 
la la stimastima e la verifica (o e la verifica (o testtest) ) d'ipotesid'ipotesi

•• STIMASTIMA
–– estimate or infer something about a estimate or infer something about a populationpopulation or or 

processprocess based on only a based on only a samplesample from itfrom it
•• Think of a R.V. with a distribution governing the populationThink of a R.V. with a distribution governing the population
•• Random sampleRandom sample ((campionecampione) is a set of ) is a set of independent and independent and 

identically distributedidentically distributed (IID) observations (IID) observations XX11, , XX22, , ……, , XXnn
•• In simulation, sampling is making some runs of the model In simulation, sampling is making some runs of the model 

and collecting the output dataand collecting the output data
•• DonDon’’t know t know parametersparameters of population (or distribution) and of population (or distribution) and 

want to estimate them or infer something about them based want to estimate them or infer something about them based 
on the sampleon the sample

M. Strano M. Strano –– cenni di statistica cenni di statistica –– ProgrProgr. & Controllo . & Controllo ProduzProduz . . –– 1616/31/31

La La stimastima campionariacampionaria

•• Population parameterPopulation parameter
–– Population mean Population mean µµ = = EE((XX))
–– Population variance Population variance σσ22

–– Population proportionPopulation proportion

•• Parameter Parameter –– need to need to 
know whole populationknow whole population

•• Fixed (but unknown)Fixed (but unknown)

•• Sample estimateSample estimate
–– Sample meanSample mean
–– Sample varianceSample variance
–– Sample proportionSample proportion

•• Sample statisticSample statistic
–– can be computed from a can be computed from a 

samplesample
–– Varies from one sample Varies from one sample 

to another to another –– is a RV is a RV 
itself, and has a itself, and has a 
distribution, called the distribution, called the 
sampling distributionsampling distribution
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Sampling DistributionsSampling Distributions
•• Have a statistic, like sample mean or sample varianceHave a statistic, like sample mean or sample variance

–– Its value will vary from one sample to the nextIts value will vary from one sample to the next

•• The sample meanThe sample mean

1

n

i
i

x
t x

n
== =
∑

•• The sample varianceThe sample variance

( )2

2 1

1

n

i
i

x x
t s

n
=

−
= =

−

∑

Media campionaria

Varianza campionaria
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Sampling DistributionsSampling Distributions
•• Some samplingSome sampling--distribution resultsdistribution results

–– Sample mean Sample mean 

IfIf

Regardless of distribution of Regardless of distribution of XX,,
–– Sample variance Sample variance ss22

EE((ss22) = ) = σσ22

è a sua volta una v.c., 
anch’essa distribuita 

normalmente, se la 
popolazione X è

normale

ma anche se X non è
normale, per i grandi 

numeri è distribuita 
normalmente 

2 2
n
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La La stimastima campionariacampionaria puntualepuntuale

•• A sample statistic that estimates (in some sense) a A sample statistic that estimates (in some sense) a 
population parameterpopulation parameter

•• PropertiesProperties
–– UnbiasedUnbiased:  :  EE(estimate) = parameter(estimate) = parameter
–– EfficientEfficient:  :  VarVar(estimate) is lowest among competing (estimate) is lowest among competing 

point estimatorspoint estimators
–– ConsistentConsistent:  :  VarVar(estimate) decreases (usually to 0) as (estimate) decreases (usually to 0) as 

the sample size the sample size nn increasesincreases
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StimaStima puntualepuntuale

Mean, µ, is 
unknown

popolazionepopolazione campionecampione

I believe µ is 
about 50

Mean
X = 50

Sample

☺

☺

☺☺

☺
☺☺

☺☺

☺☺

☺☺ ☺☺
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StimaStima puntualepuntuale

Estimate PopulationEstimate Population
Parameter...Parameter...

with Samplewith Sample
StatisticStatistic

MeanMean µµ xx

VarianceVariance σσ 22 ss22

DifferencesDifferences µµ11 -- µµ 22 xx11 --xx22
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StimaStima per per intervalliintervalli

Mean, µ, is 
unknown

popolazionepopolazione campionecampione
I am 95% 

confident that 
µ is between 

40 & 60.

Mean
X = 50

Sample

☺

☺

☺☺

☺
☺☺

☺☺

☺☺

☺☺ ☺☺
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La La stimastima: : Confidence IntervalsConfidence Intervals

Point Estimate

Lower Confidence 
Limit

Upper Confidence 
Limit

confidence levelconfidence level ==
=100 (1 =100 (1 –– αα)% =95%)% =95%

αα% =5%% =5%

0.95

z.025= -1.96 z.025= 1.96
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•• A point estimator is just a single number, with some A point estimator is just a single number, with some 
uncertainty or variability associated with ituncertainty or variability associated with it

•• Confidence intervalConfidence interval quantifies the likely imprecision in a quantifies the likely imprecision in a 
point estimatorpoint estimator
–– An interval that contains (An interval that contains (coverscovers) the unknown population ) the unknown population 

parameter with specified (high) probability 1 parameter with specified (high) probability 1 –– αα
–– Called a 100 (1 Called a 100 (1 –– αα)% confidence interval for the parameter)% confidence interval for the parameter

•• Confidence interval for the population mean Confidence interval for the population mean µµ::

La La stimastima: : Confidence IntervalsConfidence Intervals
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Confidence IntervalConfidence Interval
•• AlcuniAlcuni risultatirisultati

–– Media Media campionariacampionaria
•• ValoreValore attesoatteso
•• VarianzaVarianza
•• SeSe
•• IndipedentementeIndipedentemente dalladalla distribuzionedistribuzione didi XX

–– Varianza Varianza campionariacampionaria ss22

•• EE((ss22) = ) = σσ22
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Confidence Interval Confidence Interval ((σσ notanota, X , X normalenormale))

90% Samples90% Samples

95% Samples95% Samples

99% Samples99% Samples

ΖΖ
1.961.96--2.58              2.58              --1.651.65--1.961.96 00 1.651.65 2.582.58

se  X~N(µ, σ) ⇒

⇒ Z

n

X
=

−
σ

µ ~N(0,1)
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Confidence IntervalConfidence Interval
((σσ notanota, X , X normalenormale))

n
ZX

n
ZX

σ
µ

σ
αα ⋅+≤≤⋅− 2/2/

2/2/ αα σ
µ

Z

n

X
Z ≤

−
≤−

ΖΖ0 0 

1 1 -- αα αα/2/2αα/2/2

2/αZ2/αZ−

esempioesempio
nn = 25 = 25 
X = 50X = 50

95% 95% 
confidence confidence 
interval for interval for µµ??σσ = 10= 10 92.5308.46

25
10

96.150
25

10
96.150

≤≤

⋅+≤≤⋅−

µ

µ
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Confidence Interval for MeanConfidence Interval for Mean
((σσ non non notanota))

•• Varianza Varianza campionariacampionaria ss22

–– EE((ss22) = ) = σσ22

–– La La variabilevariabile

segue segue unauna distribuzionedistribuzione ttnn--11 didi Student con Student con nn--11 g.d.lg.d.l..

ns
X

n
XX

X //
µ

σ
µ

σ
µ −

≈
−

=
−

ns
X

T
/

µ−
=

n
s

tX
n

s
tX nn 1,2/1,2/ , −− +− αα

Intervallo di 
confidenza al 

100(1-α)%
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ZZ
tt

Confidence Interval for MeanConfidence Interval for Mean
((σσ non non notanota))

00

t (t (dfdf = 5)= 5)

Standard Standard 
NormalNormal

t (t (dfdf = 13)= 13)

StudentStudent’’s t Distributionss t Distributions

Per n elevato (n>25) la Per n elevato (n>25) la 
normale standardizzata e la normale standardizzata e la tt
di di studentstudent coincidonocoincidono
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v t.10 t.05 t.025

1 3.078 6.314 12.706

2 1.886 2.920 4.303

3 1.638 2.353 3.182

v t.10 t.05 t.025

1 3.078 6.314 12.706

2 1.886 2.920 4.303

3 1.638 2.353 3.182

t0 t0

Confidence Interval for MeanConfidence Interval for Mean
((σσ non non notanota))

Assume:Assume:
nn = 3= 3
dfdf = = nn -- 1 = 21 = 2
αα = .10= .10
αα/2 =.05/2 =.05

2.9202.920t valuest values

αα / 2/ 2

.05.05

StudentStudent’’s s 
t Tablet Table
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Confidence Interval for MeanConfidence Interval for Mean
PossibiliPossibili casicasi

n ∀

IntervalloIntervallo didi
confidenzaconfidenza costruitocostruito

tramitetramite ZZ

σσ notanota
XX~N(~N(µ,σµ,σ22))

25>n

σσ notanota
X X qualunquequalunque

IntervalloIntervallo didi confidenzaconfidenza
costruitocostruito tramitetramite TT

σσ non non notanota
XX~N(~N(µ,σµ,σ22))

25n ≤
X non X non normalenormale

??

25n ≤


